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Abstract
Monte Carlo simulations are used to study the
conformational properties of a folded semiflex-
ible polymer confined to a long channel. We
measure the variation in the conformational free
energy with respect to the end-to-end distance
of the polymer, and from these functions we ex-
tract the free energy of the hairpin fold, as well
as the entropic force arising from interactions
between the portions of the polymer that over-
lap along the channel. We consider the scal-
ing of the free energies with respect to vary-
ing the persistence length of the polymer, as
well as the channel dimensions for confinement
in cylindrical, rectangular and triangular chan-
nels. We focus on polymer behaviour in both
the classic Odijk and backfolded Odijk regimes.
We find the scaling of the entropic force to be
close to that predicted from a scaling argument
that treats interactions between deflection seg-
ments at the second virial level. In addition, the
measured hairpin fold free energy is consistent
with that obtained directly from a recent the-
oretical calculation for cylindrical channels. It
is also consistent with values determined from
measurements of the global persistence length
of a polymer in the backfolded Odijk regime in
recent simulation studies.
Introduction
Polymers confined to channels of a width
smaller than the radius of gyration stretch
along the channel. In recent years, there has
been considerable interest in elucidating the
conformational behavior arising from such con-
finement on polymers such as DNA.1,2 A thor-
ough understanding of this behavior is expected
to be of value in the development of a va-
riety of applications that exploit the effects
of confinement on polymers, including DNA
sorting,3 DNA denaturation mapping,4,5 and
genome mapping.6,7
The conformational behavior of a polymer in
a channel is determined by the effective width,
w, the persistence length, P , and the contour
length, L of the polymer, as well as the lateral
dimension(s) of the channel, D. Several dis-
tinct conformational regimes have been identi-
fied, each with its own scaling properties for
the extension length and its variance, as well as
the free energy. For sufficiently narrow chan-
nels where P/D ≫ 1, the polymer is highly
extended and lies in the Odijk regime8 with a
Gaussian distribution of extension lengths for
sufficiently large L. At the opposite extreme
of wide channels such that D ≫ P 2/w lies
the classic de Gennes regime.9 Between these
limits lie the extended de-Gennes regime10–12
and the backfolded Odijk regime. The lat-
ter regime was predicted by Odijk13,14 and was
later fully characterized using computer simu-
lations.15–17 For rectangular channels with two
independent lateral dimensions, there are ad-
ditional scaling regimes.18 The scaling theories
used in these studies employ concepts such as
deflection segments, hairpins and blobs to de-
1
scribe local structures that define the separate
scaling regimes. Recently, a theory has been de-
veloped that avoids such distinctions between
microscopic models and accurately describes
the statistics of a channel-confined polymer in
the range D . P 2/w.19 The scaling predictions
for the Odijk, backfolded Odijk and extended
de Gennes regimes emerge as limiting cases of
the more general theory.
Polymer folding in nanochannels results in in-
ternal overlap of the polymer along the channel
axis. Folding is an essential feature in the back-
folded Odijk regime, in which elongated sec-
tions of polymer are connected by hairpin turns.
Hairpin formation for D . P has recently
been observed in experiments of DNA coated
by the protein RecA and confined to rectangu-
lar channels.20 In addition to folding in equilib-
rium states, a polymer can be inserted into a
nanochannel in a nonequilibrium folded state,
whereupon it proceeds to unfold and thereby
reduce its internal overlap until it reaches its
equilibrium extension. Such conformational re-
laxation has been observed in various experi-
mental studies of DNA. For example, Levy et
al. examined the unfolding of DNA that was
electrophoretically driven into a nanochannel in
a folded state.21 Alizadehheidari et al. stud-
ied the unfolding of an initially circular DNA
molecule that was subjected to a light-induced
double-strand break.22 They observed an in-
crease in the unfolding rate with increasing ex-
tension induced by decreasing the buffer con-
centration and thus increasing the confinement.
More recently, Reifenberger et al. studied the
unfolding dynamics of DNA confined in square
channels of widthD=45 nm such that P ≈ D.23
The unfolding rates are consistent with pre-
dictions using a deterministic model that com-
bined the Odijk excluded volume14 with numer-
ical calculations of the Kirkwood diffusivity for
confined DNA.
DNA unfolding is driven by excluded vol-
ume interactions between the portions of the
molecule that overlap along the channel axis.
These interactions tend to reduce the confor-
mational entropy by an amount that increases
as the degree of overlap increases. Computer
simulations of unfolding of flexible hard-sphere
chains in channels have corroborated this gen-
eral picture.24,25 A steeper gradient in the over-
lap free energy is expected to increase the un-
folding rate. In addition, the scaling proper-
ties of the overlap free energy, as well as the
free energy of hairpin formation, are integral to
theories of the backfolded Odijk regime.13,14,26
For this reason, it is of interest to character-
ize the variation of the conformational free en-
ergy with the degree of internal polymer over-
lap. Recently, we employed Monte Carlo sim-
ulations to measure such free energy functions
for polymers confined to cylindrical channels.27
For the case where P & D, we found that the
scaling of the overlap free energy gradient with
respect to D and P was quantitatively consis-
tent with the predicted scaling. In addition, the
hairpin free energy was appreciably lower than
that predicted by Odijk,13,14 a result also ob-
served by Muralidhar et al.,15,16 and was closer
to the value predicted by Chen.26
In the present study, we continue the char-
acterization of free energy functions for poly-
mers in the regime D . P , focusing mainly
on the effects of varying the channel geome-
try. In addition to cylindrical channels, we now
consider the cases of rectangular and triangu-
lar channels. While rectangular channels are
the most commonly used in DNA extension ex-
periments, triangular channels are also widely
employed.28–32 In addition, we consider the ef-
fects of varying the asymmetry of the channel
cross section, which is known to affect the ex-
tension behavior and scaling regimes of rectan-
gular18 and triangular33 channels. Generally,
we find the overlap free energy scales in a man-
ner consistent with the theoretical predictions,
with small deviations in the predicted scaling
exponents, as observed previously for cylindri-
cal channels.27 The asymmetry in the channel
shape has negligible effect on the overlap free
energy gradient, in contrast to an appreciable
decrease in the hairpin free energy with increas-
ing asymmetry. We also find the measured hair-
pin free energy in rectangular channels is quan-
titatively consistent with the values obtained
from the simulations of Muralidhar et al.15,16
and significantly less than those predicted by
Odijk.13,14 Finally, we examine the fluctuations
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in the shape and orientation of the hairpin turns
that underly this discrepancy. For cylindrical
channels, the observed behavior is consistent
with that predicted by Chen.26
Model
We employ a minimal model to describe a semi-
flexible polymer confined to an infinitely long
channel. The polymer is modeled as a chain
of hard spheres, each with diameter σ. The
pair potential for non-bonded monomers is thus
unb(r) = ∞ for r ≤ σ and unb(r) = 0 for
r > σ, where r is the distance between the
centers of the monomers. Pairs of bonded
monomers interact with a potential ub(r) = 0
if 0.9σ < r < 1.1σ, and ub(r) = ∞, other-
wise. The stiffness of the polymer chain is mod-
eled using a bending potential associated with
each consecutive triplet of monomers. The po-
tential has the form, ubend(θ) = κ(1 − cos θ).
The angle θ is defined at monomer i such that
cos θi ≡ uˆi · uˆi+1, where uˆi is a normalized
bond vector pointing from monomer i − 1 to
monomer i. The bending constant κ determines
the stiffness of the polymer and is related to the
persistence length P by34 exp(−〈lbond〉/P ) =
coth(κ/kBT )−kBT/κ. For our model, the mean
bond length is 〈lbond〉 ≈ σ.
The channel has constant cross-sectional area
and is constructed with hard walls, such that
the monomer-wall interaction energy is uw(r) =
0 if monomers do not overlap with the wall
and uw(r) = ∞ if there is overlap. We con-
sider walls with cross-sections that are circular
(i.e. cylindrical channels), rectangular, and tri-
angular. We define the channel cross-sectional
area A to be that for the space within the
channel that is accessible to the centers of the
monomers. Further, we define the effective
channel width to be D =
√
4A/pi. Thus, in
the case of cylindrical channels, the effective
channel width is related to its true diameter
according to D = Dtrue − σ. For rectangu-
lar channels, we define the cross-section as-
pect ratio r as the ratio of the lateral dimen-
sions of the space in the channel accessible to
the monomer centers. As an illustration, if
the true lateral dimensions are 7σ × 5σ, then
the aspect ratio is r = (6σ/4σ) = 1.5 and
D =
√
4(6σ × 4σ)/pi = 5.53σ. Note that the
special case of square channels corresponds to
r=1. For triangular channels, we consider only
channels with cross-sections that are isosceles
triangles. We denote the angle of the apex of
the triangle as θap; thus, the angles of the other
two vertices are each (pi − θap)/2.
Methods
For the model systems described above, Monte
Carlo simulations were used to calculate the
free energy as a function of the end-to-end dis-
tance of the polymer, λ, as measured along
the axis of the confining channel. The simu-
lations employed the Metropolis algorithm and
the self-consistent histogram (SCH) method.35
The SCH method efficiently calculates the equi-
librium probability distribution P(λ), and thus
its corresponding free energy function, F (λ) =
−kBT lnP(λ). We have previously used this
procedure to measure free energy functions in
our recent study of polymer folding in cylin-
ders,27 as well as in simulation studies of poly-
mer segregation36,37 and polymer transloca-
tion.38–41
To implement the SCH method, we carry out
many independent simulations, each of which
employs a unique “window potential” of the
form:
Wi(λ) =


∞, λ < λmini
0, λmini < λ < λ
max
i
∞, λ > λmaxi
(1)
where λmini and λ
max
i are the limits that define
the range of λ for the i-th window. Within each
window of λ, a probability distribution pi(λ) is
calculated in the simulation. The window po-
tential width, ∆λ ≡ λmaxi −λ
min
i , is chosen to be
sufficiently small that the variation in F does
not exceed 2–3 kBT . The windows are chosen to
overlap with half of the adjacent window, such
that λmaxi = λ
min
i+2. The window width was typ-
ically ∆λ = 2σ. The SCH algorithm was em-
ployed to reconstruct the unbiased distribution,
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P(λ) from the pi(λ) histograms. For further de-
tail of the histogram reconstruction algorithm,
see Ref. 35.
Polymer configurations were generated by
carrying out single-monomer moves using a
combination of translational displacements
and crankshaft rotations, as well as reptation
moves. Trial moves were accepted with a prob-
ability pacc=min(1, e
−∆E/kBT ), where ∆E is
the energy difference between trial and current
states. Most simulations employed a polymer
of length N=200 monomers, which is sufficient
to obtain reliable values of the free energy gra-
dient in the overlap regime and the hairpin
free energy.27 The system was equilibrated for
typically 107 MC cycles, following which a pro-
duction run of 4 × 108 MC cycles was carried
out. On average, during each MC cycle a dis-
placement or rotation move for each monomer
and a reptation move is attempted once.
In the results presented below, quantities of
length are measured in units of σ and energy in
units of kBT .
Results
Figure 1 shows free energy functions F (λ) for a
polymer of length N=200 in a square tube of ef-
fective diameter D=6. Results for various per-
sistence lengths are shown. The curves are all
qualitatively similar, and the general trends are
also observed for channels of other geometries.
At sufficiently high λ, there is a free energy well
with a depth that increases with increasing P .
The location of the minimum is a measure of
the equilibrium extension length of the poly-
mer, and the width of the well determines the
magnitude of the fluctuations in the extension
length. As P increases, the free energy mini-
mum narrows and shifts to higher λ; thus, the
extension length increases and the fluctuations
decrease, consistent with established results for
the Odijk regime.8 As λ decreases the free en-
ergy initially rises, then abruptly transitions to
a regime where F increases at a much slower
rate with decreasing λ. The well depth, ∆Fw,
is defined as the difference in the free energy be-
tween its minimum and the value at the transi-
tion location. Below this transition point, F in-
creases linearly with decreasing λ down to λ=0.
At sufficiently high P , an intermediate regime
is present in which F is approximately con-
stant. This regime occurs over a narrow range
of λ that increases slightly with increasing P .
In the linear regime, the free energy gradient,
f ≡ |dF/dλ|, decreases as the polymers become
more rigid.
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Figure 1: Free energy functions for a poly-
mer of length N=200 in a square channel with
D=6, where the effective diameter is defined
D ≡
√
4A/pi for a channel of effective cross-
sectional area A, as defined in the text. Results
for various persistence lengths are shown. The
functions are each shifted such that F=0 at the
minimum.
The origins of the qualitative trends observed
in Fig. 1 are straightforward and were mostly
explained in Ref. 27. The steep rise in F as λ
decreases from λmin is associated with the for-
mation of a hairpin turn in the polymer. At
the value of λ where F is at the top of the well,
the polymer has a “candy-cane” shape with a
fully formed hairpin. Thus, ∆FW is a measure
of the free energy associated with hairpin for-
mation. As the polymer stiffens, the energy re-
quired to bend the polymer backwards also in-
creases, and this contributes to the increase in
∆Fw with P . Note that there are also impor-
tant contributions of the entropy of the hairpin
to ∆Fw,
13,26 as will be discussed further below.
As λ further decreases below the point where
the hairpin has formed, portions of the poly-
mer begin to overlap along the channel. As λ
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decreases the degree of overlap increases, and
the excluded volume interactions between these
strands reduce the conformational entropy and
cause F to increase. The intermediate regime of
constant F occurs when one of the two strands
is sufficiently short that the probability of a col-
lision with the longer strand is negligible. This
arises because the strands on either side of the
hairpin initially track along the channel walls
on opposite sides of the channel. Only when
both strands are sufficiently long will a colli-
sion be likely. This avoidance persists longer
for stiffer chains, leading to an increase in the
width of the nearly-constant-F regime with in-
creasing P .
As noted earlier, it is of interest to investigate
the dependence of both the free energy gradi-
ent in the overlap regime, f , and the free energy
of the hairpin, ∆Fw, on the key system param-
eters. These include the polymer persistence
and contour lengths, the chain width, w, and
the channel dimensions. In addition, it is useful
to compare the trends for channels of different
geometries. To make such a comparison mean-
ingful, we consider results for equal values of A,
the cross-sectional area of the channel accessi-
ble to the monomer centers and, thus, for the
same effective channel diameter, D ≡
√
4A/pi.
Figure 2(a) shows the variation of f with P
for fixed D=6, while Fig. 2(b) shows the vari-
ation with D for fixed P=29.5. In each case,
results are shown for cylindrical, square and
triangular channels, as well as a rectangular
channel with an asymmetry factor of r=1.5.
The free energy gradient scales with persis-
tence length as f ∼ P−α, where α lies in the
range α=0.37–0.39 for the different channel ge-
ometries. Likewise, the results in Fig. 2(b)
show that f ∼ D−β, where β=1.69–1.80 for
the different geometries. Figure 3 shows the
variation of f with the polymer width, w at
fixed P/D=4.08, where w is defined such that
D/w=6 and P/w=24.5 for w=1. The scaling is
approximately linear, such that f ∼ wγ, where
γ=1.05–1.08 for the different geometries. Note
that the results for the scaling with P and D
for cylindrical channels were reported earlier.27
The observed scaling of the free energy gradi-
ent with D, P and w can be understood using
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Figure 2: (a) Free energy gradient f ≡ |dF/dλ|
vs P for cylindrical, square, and (equilateral)
triangular channels, as well as for rectangular
channels with an aspect ratio of r=1.5. Results
are shown for a polymer with N=200 in chan-
nels of effective diameter D=6. The solid lines
are power law fits to the data sets. (b) As in
(a), except f vs D for fixed P=29.5. The data
for cylindrical channels are taken from Ref. 27.
the model originally employed by Odijk to de-
scribe the backfolding regimes of DNA confined
to a channel.14 This approach was also used re-
cently to analyze folding in simulations of semi-
flexible polymers in cylindrical channels.27 The
expression for the free energy gradient in the
folding regime is derived as follows. The over-
lapping polymer strands are modeled as rigid
rods with a length equal to the Odijk deflec-
tion length ld ∼ (D
2P )1/3. At the 2nd virial
level, the interaction free energy is given by by
F (int)/kBT = (l
2
dwN
2/V )〈| sin δ|〉 for N rods of
width w confined to a volume V , where δ is
the angle between the rods.42 When the rods
are highly aligned, 〈| sin δ|〉 ∼
√
〈θ2〉, where
θ is the angle between the rod and the align-
5
0.6 0.8 1.0 1.2 1.5 1.8
w
0.02
0.03
0.04
0.05
0.06
f cylindrical
square
triangle
w
1.05
w
1.08
w
1.06
0.6 0.8 1.0 1.2 1.5 1.8
w
11
12
13
14
15
∆F
w
Figure 3: Free energy gradient f ≡ |dF/dλ| vs
the polymer width w. Results are shown for
cylindrical, square and (equilateral) triangular
channels for P/D=4.08, such that D/w=6 and
P/w=24.5 for w=1. The solid lines show fits to
the power law f ∼ wγ. The inset shows the free
energy well depth vs w for the same systems.
ment direction. Assuming that the alignment
arises principally from confinement, it follows
〈θ2〉 ∼ (D/ld)
2. Further, we note that V is the
volume over which the intermolecular segments
overlap. This is given by V ∼ lovA, where A is
the cross-sectional area and the overlap region
length is lov ≈ (L−h−λ)/2, where L is the con-
tour length of the polymer and h is the length
of the hairpin turn. Using the effective dimen-
sion of the channel D such that A ∝ D2, and
noting that the number of deflection lengths of
the two overlapping strands is N = 2lov/ld, it
can be shown that F ∼ (L−h−λ)wD−5/3P−1/3
plus terms independent of λ. Consequently, the
free energy gradient is predicted to scale as
f ∼ wD−5/3P−1/3. (2)
Note that this model predicts that the scaling
properties of f are independent of channel ge-
ometry. The predicted scaling is close to that
observed for each geometry examined. As noted
previously,27 the discrepancy may be due to the
fact that the system only marginally satisfies
the condition for the Odijk regime that P ≫ D,
the assumption that the deflection segments are
sufficiently aligned, modeling the deflection seg-
ments as rigid rods, as well as the inadequacy
of the 2nd virial approximation for modeling
interactions between deflection segments.
Note that the magnitude of the free energy
gradient in Fig. 2 tends to be slightly greater
for triangular channels compared to that for
square or cylindrical channels. This likely arises
from entropic depletion near the corners of the
triangle, an effect that has been noted previ-
ously.31,33 This depletion reduces the effective
cross-section area, leading to an increase in the
likelihood of collisions between overlapping por-
tions of the polymer and thus a greater rate of
increase in the free energy with overlap. In Ref.
31 it was observed that the extension length for
DNA in triangular channels was greater than
that for square channels of the same cross-
section. The increase in extension also arises
from the same reduction in the effective area.
The magnitude of that increase was very small,
consistent with the small increase in f observed
for triangular channels in the present work.
Figure 4(a) shows the variation of the free en-
ergy well depth ∆Fw with P for fixed D=6, and
Fig. 4(b) shows the variation with respect to D
for fixed P=29.5. The well depth monotoni-
cally increases with increasing P and decreases
monotonically with increasing D for all channel
geometries. At any given D and P the values
of ∆Fw for different geometries are very close,
though the triangular and rectangular geome-
tries generally have somewhat lower values. Fi-
nally, the inset of Fig. 3 shows that ∆Fw is in-
dependent of the polymer width.
As noted earlier, the well depth is a measure
of the free energy cost for the formation of a
hairpin turn. Two different theoretical stud-
ies thus far have examined the behavior of this
quantity. In one study, Odijk developed a me-
chanical model that considered a hairpin turn
whose plane is aligned with channel axis.13 En-
tropic depletion of the hairpin plane in relation
to its transverse motion and azimuthal orienta-
tion was used to minimize the free energy and
find the associated hairpin turn size for a given
channel width and persistence length. Since the
model neglects fluctuations in both the size and
orientation of the hairpin turn with respect to
the channel axis, it is not expected to be of
high accuracy, especially in the regime where
P ≈ D. This was borne out in the simula-
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Figure 4: (a) Hairpin free energy, ∆Fw, vs P
for a polymer in channels of circular, square,
rectangular and (equilateral) triangular cross-
section. Simulation results are shown for poly-
mers of length N=200 and D=6. Also shown
are the predictions from the theory of Odijk13
for cylindrical and square channels, as well as
the predictions of Chen26 for cylindrical chan-
nels. (b) As in (a) except ∆Fw vs D for poly-
mers of persistence length P=29.5. The data
for cylindrical channels are taken from Ref. 27.
tion results of Muralidhar and Dorfman in their
study of the backfolded Odijk regime, where an
indirect measurement of the hairpin free en-
ergy yielded a value that was approximately
5 kBT lower than the predicted value.
15,16 More
recently, Chen carried out a study using the
Green’s function formalism to determine the
hairpin free energy and the global persistence
length. Results obtained using the latter were
found to be consistent with the simulation re-
sults of Ref. 15.
Theoretical predictions of Odijk’s model for
cylindrical and square channels, as well as a
plot of an analytical representation to Chen’s
numerical solution for cylindrical channels are
overlaid on the data in Fig. 4. Both predictions
capture the same general trends, i.e. ∆Fw in-
creases with P and decreases with D in roughly
the same manner as the simulation data. How-
ever, the degree of quantitative agreement with
the simulation results differs. In the case of
cylindrical tubes (as reported earlier in Ref. 27)
the predictions of Chen are within 1 kBT of the
measured results, while Odijk’s theory predicts
a hairpin free energy that is consistently over-
estimated by approximately 4kBT . In the case
of square channels, Odijk’s predictions yield a
comparable overestimate of the hairpin free en-
ergy, except for very stiff chains. Note that
Chen’s study does not report results for square
or rectangular channels, and no predictions are
available for triangular channels. It is notewor-
thy that Odijk’s model yields values for cylin-
drical and square channels that differ signifi-
cantly from one another (except at low P ), in
contrast to the simulation results. Finally, nei-
ther theory predicts any change in ∆Fw with
the chain width w, in agreement with the trend
in the data shown in the inset of Fig. 3. This is
to be expected, since w is relevant only to ex-
cluded volume interactions, which are not sig-
nificant in a hairpin turn. The observed invari-
ance of ∆Fw with respect to w also suggests
that the discretization of the chain model used
in the simulations (in contrast with the con-
tinuum polymer model used in the theoretical
studies) is not a likely cause of the discrepancy.
The simulation results presented above cor-
respond to the case where the conditions re-
quired for the Odijk regime, i.e. P ≫ D,
are marginally satisfied. However, there has
recently been considerable interest in the case
where P ≈ D, in which regime the backfolded
Odijk regimes are present.15–17 PERM simula-
tions of a channel-confined semiflexible polymer
in this regime were used to extract the global
persistence length and thus the hairpin free en-
ergy. As noted earlier, these calculations yield
values that are approximately 5 kBT lower than
Odijk’s prediction.16 Figure 5 shows the varia-
tion of the hairpin free energy values for square
channels with respect to the ratio D/P . Also
shown are Odijk’s prediction and the difference
between the theory and simulation. We ob-
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serve a difference of approximately 5 kBT in the
regime where P ≈ D, in agreement with Ref.
16.
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Figure 5: Hairpin free energy vs D/P for a
polymer in a square channel. Simulation re-
sults are shown for polymers of length N=100
and persistence length P=24.5. Also shown are
the predictions from the theory of Odijk in Ref.
13 and the difference between these predictions
and the simulation results.
As noted in Ref. 26, the poorer predictions
of Odijk’s theory in relation to those of Chen
arises from the neglect in the former theory to
explicitly account for fluctuations in the hair-
pin size and the orientation of the hairpin plane
with respect to channel axis. Figure 6(a) shows
the probability distributions of the position of
the hairpin tip, H(2ρ/D), for semiflexible poly-
mers in a cylindrical tube. Here, ρ is the trans-
verse distance of the hairpin tip away from the
central channel axis. Results are shown for dif-
ferent values ofD/P . In each case, the distribu-
tion is peaked at ρ=0, though there is an appre-
ciable probability that the hairpin tip is located
away from the center of the channel. The dis-
tributions widen with decreasing relative chain
stiffness. The results are in agreement with
those reported by Chen.26 Figure 6(b) shows
the variation of the quantity σ withD/P , where
σ ≡ 〈cos 2φ〉, and where φ is the angle between
the tangent vector u at the hairpin tip and the
radial line segment connecting the tip to the
central axis of the channel (see Fig. 4 of Ref.
26). This quantity is a measure of the degree
of anisotropy of the projections of u relative to
the radial direction. For hairpins with tips close
to the central axis the projections are isotropic
and σ=0, while strong directional alignment is
observed when the tip is close to the wall, where
φ tends to pi/2 and σ → 1. The curves show
a transition between these two limits. As the
polymer stiffens and D/P decreases, the entire
hairpin becomes more coplanar while maximiz-
ing the hairpin size. Hairpins whose tips lie
close to the wall become rarer but even more or-
dered, leading to σ decrease closer to the limit
of −1. The result is the qualitative trend of
a reduction of σ with increasing D/P , while
maintaining the boundary conditions of σ = 0
at ρ=0 and σ = −1 at ρ=D/2. The curves are
consistent with those presented in Ref. 26.
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Figure 6: (a) Hairpin-tip radial distributions
for a polymer of length N=100 in a cylindrical
channel of diameter D=6. Results for various
persistence lengths are shown. (b) σ vs scaled
radial distance in a cylindrical channel, where
σ is a parameter measuring the directional or-
dering of the tangent vector at the hairpin tip
in the transverse plane, as defined in the text
and in Ref. 26.
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Figure 7 shows the mean radial displacement
of the tip, 〈ρ〉, as a function of D/P . Over-
laid on the same graph is the orientational or-
der parameter of the hairpin plain at the lo-
cation of the tip, 〈P2〉 ≡ 〈P2(cos θ)〉, where θ
is the angle of the plane relative to the chan-
nel axis. Results are shown for both cylindrical
and square channels. The increase in 〈ρ〉 with
D/P reflects the narrowing of the distributions
with D/P observed in the case of cylindrical
channels in Fig. 6. The order parameter 〈P2〉
decreases as the chains stiffen. Note that over
the entire range of D/P considered here, 〈P2〉
is appreciably lower than the value 〈P2〉 = 1,
the value corresponding to perfect alignment of
the plane with the channel assumed in Odijk’s
model. As noted by Chen,26 the neglect of
the hairpin plane orientational fluctuations that
lead to 〈P2〉 < 1 is the main factor in the un-
derestimate of the hairpin entropy and the cor-
responding overestimate of the free energy.
0 0.2 0.4 0.6 0.8 1
D/P
0.8
1
1.2
1.4
1.6
<
ρ>
<ρ>  (cylindrical)
<ρ>  (square)
0.5
0.6
0.7
0.8
0.9
1
<
P 2
>
<P2>  (cylindrical)
<P2>  (square)
Figure 7: Hairpin orientational order parameter
〈P2〉 and mean radial hairpin distance 〈ρ〉 vs
D/P . Results are shown for N=100 and D=6
for cylindrical and square nanochannels.
Thus far, most of the results presented have
been for maximally symmetric cases of a given
channel geometry, i.e channels with circular,
square and equilateral triangular cross sections.
Given the importance of asymmetric geometries
employed in experiments for both rectangular20
and triangular28–32,43 channels it is of interest to
examine the effects of such asymmetry on the
free energy gradient and hairpin free energy. In
Figs. 2 and 4 it was shown that f and ∆Fw
for polymers in rectangular channels with an
asymmetric ratio of r=1.5 scale with D and P
in manner consistent with that for square chan-
nels. Figure 8(a) shows the variation of ∆Fw
with respect to r, while Fig. 8(b) shows the cor-
responding variation of f . Results are shown
for two different values of P and two values of
D. In each case, ∆Fw decreases approximately
linearly with increasing asymmetry, while f is
almost constant, though it does decrease very
slightly with r. The dashed curves overlaid on
the data in Fig. 8(a) show the predictions for
the hairpin free energy using Odijk’s model for
rectangular channels.13 Generally, the predic-
tions are qualitatively accurate in predicting a
monotonic decrease in ∆Fw with r, though they
consistently overestimate the value by 2–3 kBT
over the range examined. Note that the theo-
retical predictions for rectangular channels use
the approximation of very large asymmetry in
the calculation of the entropic contribution to
the free energy.13 Consequently, the results can-
not be extrapolated to r=1.
How can we understand the fact that f is
nearly constant with respect to r at fixed D
and P ? Recall that Eq. (2) was derived for sym-
metric channels characterized by a single lateral
dimension. However, for asymmetric rectangu-
lar channels there are two independent channel
widths, DW and DH, which define the asym-
metry, r ≡ DW/DH ≥ 1. To determine the
scaling for f with respect to r, we first con-
sider the limiting case where DW ≫ DH. As
noted by Odijk,14 the angle δ describing the
relative orientation between interacting deflec-
tion segments satisfies 〈| sin δ|〉 ∼ (DW/ld)
2 for
this case. Otherwise, the arguments used to de-
rive Eq. (2) are also applicable for rectangular
channels. Noting that the cross-sectional area
is A = DWDH ∝ D
2, it can easily be shown
that:
f ∼ wD−5/3P−1/3r1/6 (3)
Thus, f is predicted to scale with P , w and
D (for fixed asymmetry r) in the same man-
ner as for symmetric channels. As shown in
Fig. 2, the measured scaling for P and D for
the case of rectangular channels with r=1.5 is
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Figure 8: (a) Hairpin free energy, ∆Fw, vs as-
pect ratio r of a rectangular nanochannel. Re-
sults are shown for a polymer with N=200 in
channels of different cross-sectional areas and
for polymers of different P . The solid lines of
the same color are guides for the eye, while the
dashed lines of the same color are predictions
from Odijk.14 (b) The entropic force f vs chan-
nel aspect ratio r. The solid lines are guides for
the eye. The dashed lines are predictions cal-
culated using an approximation that employs
Eq. (4) to estimate the scaling of the angle δ
between interacting deflection segments in the
calculation of the excluded volume.
close to this prediction. However, Eq. (3) also
predicts that f monotonically increases with r
by ≈20% over the range r = 1 − 3 considered.
This constitutes a significant quantitative dis-
crepancy with respect to the simulation result
and no doubt arises from imposing the condi-
tion DW/DH ≫ 1 in the derivation. To derive
a better prediction, we require a more accurate
relation for the dependence of the angle δ on
the channel dimensions and persistence length
that is valid for smaller values of DW/DH. This
provided by Eq. (B3) of Ref. 14:
〈| sin δ|〉 ≈
√
GD +GA + 1
(GD + 1)(GA + 1)
, (4)
where GA ≡ P/DW and GD ≡ P/DH. As is
evident from Fig. 8(b), the predicted free en-
ergy gradient is nearly constant with respect
to variation in the asymmetry over the range
r = 1−3. While the theoretical prediction fails
to reproduce the observed decrease in f with in-
creasing r, it is much more accurate than that
obtained using Eq. (3), as expected. The re-
maining discrepancy is likely due to remaining
inadequacies in the theoretical model, such as
treating the deflection segments as rigid rods
and describing the interactions between them
using the 2nd virial approximation.
Let us now consider the effects of asymmetry
of triangular channels. Specifically, we examine
channels whose cross sections are isosceles tri-
angles with an apex angle of θap and the two
other angles of (pi − θap)/2 each. Figure 9(a)
and (b) show the variation of ∆Fw and f with
respect to θap, respectively. Results are shown
for different values of P and D. Again we note
the general result that ∆Fw increases and f de-
creases with D and P for all values of θap, again
consistent with the results for symmetric chan-
nels in Figs. 2 and 4.
In each case, the hairpin free energy peaks
at θap = 60
◦. This is consistent with the ex-
pectation that the hairpin plane aligns roughly
along the wall between two of the corners of
the triangle. For a triangle with different side
lengths, the plane is expected to align along
the channel wall(s) with the largest side length
in order to maximize the hairpin size and thus
minimize the energy. When θap is varied for
fixed cross-sectional area, the minimum value
of this distance between any two corners occurs
for an equilateral triangle, i.e. all angles of 60◦.
As θap is increased or decreased from this value,
the maximum side length of a channel wall in-
creases, and so the energy decreases. Obviously,
the variation in the entropy associated with the
azimuthal and longitudinal orientational free-
dom also contributes to ∆Fw, but the hairpin
energy appears to be the dominant factor af-
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Figure 9: (a) Hairpin free energy, ∆Fw, vs
apex angle θap for a polymer in a triangular
nanochannel. Results are shown for a poly-
mer with N=200 in channels of different cross-
sectional areas and for polymers of different P .
The solid lines of the same color are guides for
the eye. (b) The entropic force f vs apex angle
θap obtained from the same free energy func-
tions used in (a). The solid lines are guides to
the eye. The inset shows D1.69eff vs θap, where
the effective channel dimension Deff is defined
in the text.
fecting the qualitative trend for ∆Fw.
Figure 9(b) shows that the free energy gradi-
ent is independent of the channel asymmetry.
This is a somewhat surprising result for trian-
gular channels, where the effects of entropic de-
pletion near the corners have been shown pre-
viously to be appreciable relative to the case of
rectangular channels.31,33 As noted earlier, en-
tropic depletion leads to a reduction in the effec-
tive cross-sectional area of the channel, which
in turn should effectively increase the channel
dimension D. Reinhart et al. developed a mea-
sure of the effective area that uses the monomer
probability distribution in the transverse plane
of the channel.33 They took the effective chan-
nel width to be the geometric average of the
full width at half-maximum of the projections
of the distributions onto the two axes defined
by the eigenvectors of the 2D distribution. We
have calculated the same quantity, which we
call Deff , as a function of apex angle θap for
channels of a given dimension D and for poly-
mers of a given P . Naively using Deff in place of
D in Eq. (2) or (3), one expects f ∼ D
−5/3
eff , The
inset of Fig. 9 shows D−1.69eff vs θap, where the
exponent value is chosen to match the scaling
of f with respect to D in Fig. 2(b) for equi-
lateral triangular channels (using an exponent
of 5/3 does not appreciably change the result).
For each case of P and D shown, the quantity
D−1.69eff increases with θap roughly by a factor 2
over the range of apex angles considered. This
suggests that f should increase by roughly this
factor as well, in contrast to the measured in-
variance of f with respect to r. Thus, this ap-
proach fails to account for the trends observed
in the present case, in contrast with the case in
Ref. 33. This may arise from the fact that we
consider much larger P/D ratios in the present
study that were used in Ref. 33.
Finally, it is of interest to investigate the
effects of channel asymmetry on the orienta-
tional behavior of the hairpin plane, which is
an important part of the entropic contribution
to ∆Fw. Figure 10 shows the probability dis-
tribution p(φ) for (a) square, (b) rectangular,
(c) equilateral triangular, and (d) asymmetric
triangular channels. Here, φ is the azimuthal
angle describing the hairpin plane orientation
around the channel axis. All the results are
shown for a fixed channel dimension ofD=6. In
each case distributions are shown for four differ-
ent persistence lengths. As expected, Fig. 10(a)
shows that there are four preferred orientations
of the hairpin plane, each located along the di-
agonal of the square, where the hairpin size is
largest (i.e. there are two diagonal directions,
each of which corresponds to two hairpin ori-
entations 180◦ apart). The degree of alignment
of the plane along the diagonal decreases as the
polymer becomes more flexible and the distri-
bution becomes more uniform. The distribu-
tions for asymmetric (i.e. rectangular) channels
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in Fig. 10(b) are qualitatively similar to those
for the square channels for stiff polymers. As
expected, however, the peaks shift to different
orientations that correspond to the diagonals
of the rectangle. More interestingly, for suffi-
ciently flexible polymers (i.e. when P ≈ D)
the preferred orientation becomes parallel to
the long side of the rectangle. This orientation
likely has a slightly higher energy than for an
orientation along the diagonal. However, the
energy contributes less to the free energy for
more flexible chains, and its increase is likely
compensated for by an increase in the entropy
from the longitudinal orientational fluctuations
of the hairpin plane.
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Figure 10: Distribution p(φ) of the azimuthal
angle φ for the orientation of the hairpin plane
in the plane transverse to the square chan-
nel. Results are shown for a polymers of length
N=100 in channels of areaD=6 for various per-
sistence lengths. Results in the separate graphs
are for the following cases: (a) square channel;
(b) rectangular channel with r=1.5; (c) equilat-
eral triangular channel (i.e. θap = 60
◦); and (d)
triangular channel with apex angle of θap=70
◦.
Figure 10(c) shows the distributions for equi-
lateral triangular channels. The six peaks arise
at orientations corresponding to the alignment
of the plane close to and along a channel wall
between two of the corners (i.e. three iden-
tical walls, each associated with two hairpin
plane orientations related by a 180◦ rotation).
As for the square channels, the preference for
this alignment weakens as the polymers become
more flexible and, thus, the distributions be-
come more uniform. Figure 10(d) shows distri-
butions for an isosceles triangle with an apex
angle of θap = 70
◦. For such a seemingly
small asymmetry, the effects are pronounced.
The preferred orientation are at the two angles
where the hairpin plane is parallel to the long
side of the triangle, i.e. the side opposite to
the apex. The slight preference for orientations
parallel to the other walls is evident only in
the weak shoulders of the main peaks. Over-
all, the contrast between the sharp peaks in
Fig. 10(d) and the more uniform distributions
of if Fig. 10(c) suggest a considerable decrease
in orientational entropy with increasing asym-
metry. The fact that ∆Fw peaks at θap = 60
◦
suggests that this is more than compensated
for by the reduction in energy that comes with
larger hairpins.
Conclusions
In this study, we have used Monte Carlo simu-
lations to characterize the conformational free
energy of folded polymers confined to long
nanochannels. By measuring the free energy
F of a polymer as a function of the end-to-end
distance λ, we determined the free energy gra-
dient f ≡ |dF/dλ| for polymers in states of in-
ternal overlap, as well as the free energy of the
hairpin fold. In addition to similar calculations
carried out in our previous study using cylin-
drical channels27 we have studied confinement
effects for rectangular and triangular channels
as well. Generally, we find that f scales with
the channel width D, persistence length P and
effective polymer width w in a manner consis-
tent with the predictions of Eq. (2). Small devi-
ations in the scaling exponents likely arise from
the fact that the conditions for various approxi-
mations are only marginally satisfied. Notably,
the scaling appears to be independent of the
type of channel geometry (i.e. cylindrical, rect-
angular or triangular). In addition, f is not
appreciably affected by varying the asymmetry
of rectangular or triangular channels. The hair-
pin free energy was not strongly affected by the
channel geometry type, though it does exhibit a
decrease with increasing channel asymmetry for
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both rectangular and triangular channels. The
scaling of the hairpin free energy with P , D
and channel asymmetry r for rectangular chan-
nels was qualitatively consistent with predic-
tions from Odijk’s theory,13,14 though the quan-
titative discrepancy was significant. The ori-
gin of this discrepancy is the neglect of hairpin
shape and orientational fluctuations, as eluci-
dated by Chen26 for cylindrical channels and
corroborated by analysis of hairpin behavior in
this study. Finally, the difference between the
predicted and measured hairpin free energy of
≈5 kBT from simulations for polymers the back-
folded Odijk regime15,16 is consistent with the
value measured in the present work.
The quantitative characterization of the
free energy functions for nanochannel-confined
polymers is useful for validating the accuracy
of theoretical models used to analyze and in-
terpret experimental results of confined DNA.
For example, the expression for the free en-
ergy gradient in Eq. (2) has been employed
recently in the analysis of both the equilibrium
fluctuations in the extension length for single-
fold DNA20 in rectangular channels and the
nonequilibrium unfolding dynamics in square
nanochannels.23 It is also of value in providing
independent confirmation of findings of other
simulation studies, such as the observed dis-
crepancy between the predicted and measured
hairpin free energy in simulations of the back-
folded Odijk regime for rectangular channels.
To our knowledge, this is the first direct study
of folding properties of polymers in triangular
channels, a geometry which has been used ex-
tensively in DNA extension experiments. In
future work, it will be of value to further ex-
amine folding in nanochannels by employing a
model that better accounts for the effects of
electrostatic interactions present in DNA ex-
periments on the polymer-channel interactions,
such as those used in Refs. 44 and 32.
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